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Abstract. We discuss the phase behaviour of suspensions of charged colloidal particles,
specifically at low salt concentrations. The total free energy F of a three-component system
of charged colloids and positive and negative salt ions can be expressed as F = Fpryo + Fo, where
Fpryo is the free energy of a one-component system of colloidal particles interacting via the DLVO
pair potential, and Fj consists of density-dependent contributions from the salt ions. We argue that
Fy drives a gas—liquid spinodal at low salt concentrations, in accordance with several experimental
observations. The underlying mechanism is equivalent to that of the well-established gas—liquid
transition in simple electrolytes. The present theory connects directly the classic linearized Poisson—
Boltzmann theories for simple electrolytes (Debye—Hiickel) and colloidal suspensions (DLVO).

It is well known that the phase behaviour of classical fluids is determined by the interplay
between repulsive and attractive forces between particles. It is often a good approximation to
describe the steric repulsion between spherically symmetric particles by the hard-sphere pair
potential vys (r), and its contribution to the total Helmholtz free energy of the fluid, F, by that of
the hard-sphere fluid, Fys. The contribution to F' from the non-steric pair interactions depends
on the nature of the system. As an illustration we consider Van der Waals’ mean-field treatment
of the dispersion interactions in simple fluids [1,2], and Debye and Hiickel’s treatment of the
Coulomb interactions in simple electrolytes [3,4]. Denoting the number density of spherical
particles by n, the temperature by 7', and the total macroscopic volume of the fluid by V, one
can express these standard results as
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Here a > 0 is the integrated strength of the Van der Waals dispersion interaction in simple
fluids, and 1/«p is the Debye screening length given by

Krz) = 87te2n5/skBT

for a monovalent 1:1 electrolyte with equal densities n;, = n/2 of positive and negative salt
ions. The dielectric constant of the electrolyte is &, and e is the proton charge. The main
difference between the two expressions is the power of the n-dependence, the O (1n?) term being
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typical for integrable (short-ranged) interactions, and the O (n3/?) term typical for long-ranged
Coulomb forces (in three dimensions). More important for the present purposes, however,
is the common negative sign and curvature (as a function of n) of the right-hand sides of
equation (1). The negative sign signals that both the dispersion and the Coulomb interactions
provide cohesive energy. This cohesive energy is easily understood in terms of the attractions
between each particle pair in the case of simple fluids, and in terms of the closer proximity, on
average, of oppositely charged particles than of equally charged particles in simple electrolytes.
The negative curvature signals the possibility of a spinodal instability [5]. Indeed, it is well
established that Van der Waals’ theory for simple fluids and the Debye—Hiickel theory for
simple electrolytes explain the essence of the coexistence of a dilute gas phase and a dense
liquid phase below a critical temperature (although finer details such as the exact shape of
the coexistence curve require better theories [4]). In both types of fluid, the liquid phase is
stabilized by the cohesive energy provided by the non-steric interactions, and the gas phase by
high entropy (or a low contribution Fyg to F).

The notion of the importance of the interplay between attractions and repulsions is not
limited to the field of simple fluids and simple electrolytes; it has also been recognized for
a long time in the field of colloidal fluids. The classic work of Derjaguin and Landau [6]
and Verwey and Overbeek [7] in the 1940s explains the stability of colloidal suspensions on
the basis of an effective potential, vpryvo(r), between pairs of charged colloidal particles at
separation r. This DLVO potential—named after its discoverers—consists of a steric hard-
sphere repulsion vys(r), an electrostatic double-layer repulsion of screened Coulomb form,
and a dispersive Van der Waals—London-Hamaker attraction. For monodisperse colloidal
spheres of diameter D = 2R and total charge —Ze, suspended in a simple 1:1 electrolyte of
dielectric constant ¢ and Debye screening length 1/«p, the explicit form of the pair interaction
reads

Z2e* (explkpR]\ % exp[—kpr]
vpLvo(r) = vus(r) + P 2
e 1+kpR r
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where the Hamaker constant A is a measure of the strength of the dispersion interaction
between the colloidal particles [6—8]. Typical values for colloidal suspensions are Z >~ 10—
10, D ~ 10-1000 nm, and A ~ 1072°-10~'% J. For an aqueous electrolyte at room
temperature we have 62/8kBT ~ 0.72 nm, and 1/kp =~ 0.3, 10, 300 nm for salt
concentrations n;, = 1 M, 1 mM, and 1 uM, respectively. The potential of equation (2),
together with these typical numbers, gives rise to strong screening (and hence attractions
dominating the repulsions) under high-salt conditions, and, conversely, repulsions dominate
the attractions under low-salt conditions. The DLVO theory thus explains the experimental
observations of colloidal instability and irreversible aggregation at high salt concentrations,
say ny ~ 1 M, and colloidal stability and reversible gas-liquid transitions at lower salt
concentrations, say ny < 1 mM [7,9]. The screened Coulomb repulsion of the DLVO
potential also explains the experimental observation of colloidal crystals, in the repulsion-
dominated stable regime, at packing fractions of a few per cent [10]. For these reasons,
and many more, the DLVO theory is considered to be one of the cornerstones of colloid
science.

Since the 1980s, however, several experimental observations for colloidal suspensions
have been reported that seem to be inconsistent with the DLVO theory. Invariably these
experiments have been performed at extremely low salt concentrations ny, = 1-10 uM,
i.e. in the regime where the screened Coulomb repulsions completely mask the dispersion
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forces according to the DLVO theoryf. In contrast, the low-salt observations of gas—solid
coexistence [11], ‘voids’ in otherwise homogeneous suspensions [12], fully developed gas—
liquid coexistence [13], re-entrant fluid—solid transitions [14], and long-lived metastable
crystallites [15] appear to call for strong colloid—colloid attractions. Many attempts to find
a theoretical basis for attractions between like-charged colloids have been reported over the
years [16, 17], but recent direct measurements of the colloid—colloid pair interaction under
the low-salt conditions of interest are perfectly consistent, at least for bulk, with the purely
repulsive screened Coulomb form described by the DLVO theory [18]. The theory presented
in detail in reference [19] explains this puzzling state of affairs quite straightforwardly. Here
we summarize the salient features of our approach, and by making connection with the theory
of phase separation in simple electrolytes provide some further insight into the mechanism
which drives phase separation in low-salt suspensions of charged colloids.

Instead of regarding a colloidal suspension as a one-component fluid of colloids with
effective DLVO pair interactions from the start, we calculate the total Helmholtz free energy F
of a three-component system of colloids (density n., charge —Ze), negative salt ions (density
n_ = nyg, charge —e), and positive salt ions (density n, = ng + Zn,, charge +e). Dispersion
interactions are ignored completely. We regard the mixture as an inhomogeneous system of salt
ions in the external field of the colloidal particles, and retain the colloid—salt-ion correlations
at the linearized Poisson—Boltzmann level. The salt-ion—salt-ion interactions are treated at
the Hartree-like mean-field level. In reference [19] we showed (i) that the salt ions form a
diffuse ‘cloud’ of thickness 1/« and total charge +Ze around the surface of each colloid, with
k2 = 4mwe*2ng + Zn.)/ekgT, and (ii) that F = Fprvo + Fo. Here Fpryo is the free energy of
a one-component fluid of density n, with pairwise DLVO interactions given in equation (2),
but with A = 0 and kp replaced by x. Clearly, there is no cohesive energy contribution in
Fprvo because the pair interactions are purely repulsive. The other contribution to F, Fy, is
the so-called volume term given by

FO(nc» nx)
\%

2n.n_
= kpT|ny(Inn, — 1) +n_(Inn_ — 1)+ —— 0=
l—nny+n_
Z%e? 14 Z%e?
- — = ———n_.
2e(R +1/k) 2 ek?

with colloid packing fraction n = (47 /3) R*n.. The first three terms of equation (3) represent
the ideal-gas and excluded-volume entropy of the microions. The last two terms of equation (3)
are of electrostatic nature, the fourth term being due to ‘inter’ colloid—cloud correlations and
the fifth due to mean-field ‘intra’ colloid—cloud interactions. The correlation term is, for each
colloidal particle, of the order of the Coulomb energy of charges £ Ze separated by a distance
R +1/k, and thus represents the ‘internal free energy’ of each colloidal particle with ‘its own’
oppositely charged cloud. The final term of equation (3) corrects for overcounting in Fprvo
by essentially cancelling its mean-field contribution; it may be interpreted as the Coulomb
energy of the clouds in the mean field of other colloidal particles. Although all terms in Fj
have a natural physical meaning, the volume term was not considered in early studies of the
phase behaviour of colloidal suspensions. More recent treatments do consider free-energy
contributions that are similar or equivalent to those contained in Fp; see e.g. references [20].

3)

+ The dispersion contribution in the potential of equation (2) exhibits a (non-physical) negative divergence at contact,
i.e. when r — D*, and decays algebraically as —r—% when r — co. One could therefore argue that the attractions
always dominate the repulsions at contact (‘primary minimum’) and at sufficiently large separation (‘secondary
minimum’). The point here is that the screened Coulomb repulsion, at low enough salt concentrations, forms an
insurmountable barrier that prevents colloids from coming into contact (‘kinetic stabilization”) and shifts the secondary
minimum to such a large colloid—colloid separation that its well depth is substantially less than kg T'.
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The correlated cohesive energy term in Fp, together with the n.-dependence of «, turns out
to be the key to the understanding of the experimental low-salt observations, and to establishing
a direct connection between DLVO theory and Debye—Hiickel theory. This is most easily
seen for point colloids, R = 0, but the essence of the argument also holds for finite R. At
sufficiently low salt concentrations n; we have K ni/ 2, and hence the cohesive energy term
yields an O(—ng/ 2) contribution to Fy/ V. For exactly the same reasons and by exactly the
same mechanism as in the Debye—Hiickel theory for 1:1 electrolytes, this term can cause a
gas-liquid spinodal, and stabilize coexistence of a dense colloidal liquid or solid with a dilute
colloidal gas phase. The mechanism of this phase separation is not based on pairwise colloid—
colloid attractions, but instead on the balance between a more compressed double layer in
a dense colloidal liquid or crystalline phase (and hence a low electrostatic energy but a low
entropy) and the more expanded double layer in a dilute colloidal gas (and hence a high entropy
but a not-so-low electrostatic energy). At sufficiently high salt concentrations n;, the double-
layer thickness is essentially determined by n; only, and does not noticeably depend on #,.
Then the cohesive energy contribution to Fy/V is essentially proportional to —n., and hence
is irrelevant for the thermodynamics.

Full numerical calculations of Fpryo, and hence of F, show that gas—liquid and gas—solid
coexistence occur in aqueous suspensions, with typical colloidal charges Z ~ 103-10* and
diameters D =~ 200-700 nm, at salt concentrations n;, < 25 uM [19]. These parameter
values are in the regime of the experimental observations of gas—liquid and gas—solid coexist-
ence [11-13,15]. In addition, the theory predicts closed-loop gas—liquid coexistence, which
may be related directly to the re-entrant phenomena observed in reference [14]. Finally, the
present theory suggests that the observed phase transitions in low-salt colloidal suspensions
are the analogues of the gas—liquid transition in simple 1:1 electrolytes. This could provide an
interesting alternative opportunity to study Coulombic criticality experimentally [4].

Acknowledgments

Itis a pleasure to thank R Evans, M Dijkstra, J-P Hansen, and P B Warren for useful discussions,
and R Evans for a critical reading of the manuscript. This work was supported by TMR grant
ERBFMBICT971869 and by the EPSRC Liquid Matter Network.

References

[1] vander Waals J D 1873 PhD Thesis Hoogeschool te Leiden (Engl. Transl. 1988 Studies in Statistical Mechanics
vol XIV, ed J L Lebowitz and J S Rowlinson (Amsterdam: Elsevier—North-Holland))
[2] Hansen J-P and McDonald I R 1988 Theory of Simple Liquids 2nd edn (London: Academic)
[3] Debye P W and Hiickel E 1923 Phys. Z. 24 185
[4] Fisher M E and Levin Y 1993 Phys. Rev. Lett. 71 3826
Fisher M E 1994 J. Stat. Phys. 75 1 and references therein
[5] Callen H B 1985 Thermodynamics and an Introduction to Thermostatistics 2nd edn (New York: Addison-
Wesley)
[6] Derjaguin B and Landau L 1941 Acta. Phys. Chim. URSS 14 633
[7]1 Verwey EJ W and Overbeek J Th G 1948 Theory of the Stability of Lyotropic Colloids (Amsterdam: Elsevier)
[8] Hamaker H C 1937 Physica 4 1058
[9] Victor ] M and Hansen J-P 1985 Trans. Faraday Soc. 11 81 43
[10] Wadati M and Toda M 1972 J. Phys. Soc. Japan 32 1147
[11] Ise N, Obuko T, Sugimura M, Ito K and Nolte H J 1983 J. Chem. Phys. 78 536
Ise N and Smalley M V 1994 Phys. Rev. B 50 16722
[12] Ito K, Yoshida H and Ise N 1994 Science 263 66
Tata B V R, Yamahara E, Rajamani P V and Ise N 1997 Phys. Rev. Lett. 78 2660



Attraction or repulsion between charged colloids? A267

[13] Tata B V R, Rajalakshmi M and Arora A K 1992 Phys. Rev. Lett. 69 3778
Palberg T and Wiirth M 1994 Phys. Rev. Lett. 72 786
[14] Yoshida H, Yamanaka J, Koga T, Koga T, Ise N and Hashimoto T 1999 Langmuir 15 1684
[15] Larsen A E and Grier D G 1997 Nature 385 230
[16] Sogami I 1983 Phys. Lett. A 96 199
Sogami I and Ise N 1984 J. Chem. Phys. 81 6329
[17] Stevens M J and Robbins M O 1990 Europhys. Lett. 12 81
Spalla O and Belloni L 1995 Phys. Rev. Lett. 74 2515
Ray J and Manning G S 1994 Langmuir 10 2450
HaB Y and Liu A J 1997 Phys. Rev. Lett. 79 1289
Podgornik R and Parsegian V A 1998 Phys. Rev. Lett. 80 1560
Levin Y 1999 Physica A 265 432
[18] Crocker J C and Grier D G 1996 Phys. Rev. Lett. 77 1897
[19] van Roij R and Hansen J-P 1997 Phys. Rev. Lett. 79 3082
van Roij R, Dijkstra M and Hansen J-P 1999 Phys. Rev. E 59 2010
[20] Grimson M J and Silbert M 1991 Mol. Phys. 74 397
Levin Y, Barbosa M C and Tamashiro M N 1998 Europhys. Lett. 41 123
Graf H and Lowen H 1998 Phys. Rev. E 57 5744
Netz R R and Orland H 1999 Europhys. Lett. 45 726



